Abstract. We consider the bound quiver algebras whose ordinary quiver is that of a canonical algebra. We determine which of those algebras are hereditary, tilted, quasitilted, weakly shod or laura algebras.
The classification of Toupie algebras into this classes is given as follows:
Theorem. Let A = kQ/I be a toupie algebra and m = dim k e 0 Ae ∞ where 0 is the unique source of Q and ∞ is the unique sink of Q. Let t be the number of branches of Q and assume that t ≥ 2. Then we have the following: The linear case, that is when t = 1, which is equivalent to Q = A n , is excluded from our theorem since this has already been characterized: such an algebra is always representation finite with no cycles in its Auslander-Reiten quiver. Hence, it is always weakly shod and it is tilted if and only if it is quasitilted [11] . This occurs precisely when there is exactly one relation on Q [12] .
In section 2, we give the different notations and definitions that we intend to use in this paper. In order to establish our result, we will treat the simply connected and non simply connected cases independently. The non simply connected case is covered in section 3, where it is divided in the following possibilities: Subsection 3.1: All branches are in the ideal.
In this case, A is weakly shod. Moreover, we will see that if A is quasitilted then it is tilted and that this happens only when there is exactly one relation per branch. Subsection 3.2: None of the branches are in the ideal (and I = 0).
Then A is not Laura. Thus A cannot be hereditary, nor tilted, nor quasitilted, nor weakly shod. The simply connected case is covered in section 4. Note that in this case, t > m > 0. We then have the following possibilities:
Then A is tilted if m = 1, and A is quasi-tilted (in fact canonical) if it is Laura and m = 2. Subsection 4.2: m > 2.
If t > m + 1, then A is not Laura. If t = m + 1 and there is at most one branch of length at least three then A is tilted. Otherwise, A is not Laura.
Notations and definitions.
We consider only finite dimensional associative algebras over fields, and all our modules are right finite dimensional modules.
Let Q be a quiver. Given an arrow α in Q, we denote by s(α) the starting vertex of this arrow and by e(α) its ending vertex. A path p = α 1 α 2 · · · α n in Q is a sequence of distinct arrows α i , 1 ≤ i ≤ n such that e(α i ) = s(α i+1 ), for 1 ≤ i < n.
Let A = kQ/I with Q a quiver and I an admissible ideal of kQ. Given a vertex x in Q, we denote by S x the simple module at x, P x the indecomposable projective module whose top is S x , and I x the indecomposable injective module whose socle is S x . The projective and injective dimensions of an A-module M are denoted respectively by pdim A M and idim A M . The socle of M is denoted by soc M , its radical by rad M . We see A-module as representation on (Q, I), see [4] . Given a representation on (Q, I) say M and a vertex x in Q, we denote by M x the k-space of the representation M at the vertex x. Similarly, we denote by M α the linear transformation from M x to M y where α is an arrow starting at x and ending at y. We denote by τ A and τ
−1
A the Auslander-Reiten translations DTr A and TrD A respectively over mod A.
A finite non linear quiver Q is called a toupie if it has a unique source 0, a unique sink ∞, and for any other vertex x in Q there is exactly one arrow starting at x and exactly one arrow ending at x. The general shape of a toupie is thus
• ∞ The t distinct paths from 0 to ∞ are called branches of Q. We will denote by alpha 1 , . . . , α t the t arrows starting at the unique source 0, by w i the corresponding branch of Q starting with the arrow α i and by i the end vertex of α i . Thus, we have
Observe that i can be ∞. Let k be a field, Q a toupie quiver and I an admissible ideal of kQ. We say that A = kQ/I is a toupie algebra.
Following Ringel [15] , an algebra A = kQ/I is canonical if it is a toupie algebra with t ≥ 2 and I is generated by {w 1 + λ i w 2 − w i | 3 ≤ i ≤ t} where the λ i are pairwise distinct non-zero elements of k. Observe that in the case, that t = 2 this ideal is the zero ideal. In particular, we always have that m = 2 for a canonical algebra.
A path between indecomposable A-modules M and N is a sequence
where each f i is a non-zero non-isomorphism. An IP-path is a path from an indecomposable injective A-module to an indecomposable projective A-module.
We will gives original or equivalent definition for the studied classes of algebras. For original definition and history on the rising of these classes, see [3] .
Following [9] , an algebra is tilted if it is the endomorphism algebra of a tilting module over an hereditary algebra. This notion was later generalized by Happel, Reiten and Smalø [10] with quasi-tilted algebra. An equivalent definition of this later class can be given by the study of two classes who plays an important role on representation theory and all other generalization studied in this work.
Given an algebra A, we define two subcategories of mod A: L A = {M ∈mod A| if there exists a path from an A-module X to M , then pdim X ≤ 1}, R A = {M ∈ mod A| if there exists a path from M to an A-module X, then idim X ≤ 1}.
In particular, an A-module of projective dimension greater than one cannot lie in L A , and an A-module of injective dimension greater than one cannot lie in R A .
We say that an algebra A is quasi-tilted if all indecomposable projectives of A lies in L A (this is equivalent to: all indecomposable injectives of A lies in R A ).
We say that A is weakly shod if ind A − (L A ∪ R A ) and directed, see [7] , and that A is laura if ind A − (L A ∪ R A ), see [1] .
We are interested in determining when a given toupie algebra is either hereditary, tilted, quasitilted, weakly shod or Laura. Clearly, a toupie algebras is hereditary if and only if m = t.
Let Q be a toupie quiver and I be an admissible ideal of kQ. A relation ρ = i∈J λ i w i ∈ I is called minimal if |J| ≥ 2 and, for every non-empty proper subset J ′ ⊂ J, we have i∈J ′ λ i w i / ∈ I. Observe that J ⊂ {1, 2, . . . , t} and that
Since a toupie algebra has no double by-pass involved in relations, it follows from [14] that a toupie algebra A = kQ/I is simply connected if and only if for each pair of distinct branches w i and w j there exists a minimal relation involving both branches. We will therefore take this last result for our definition of simply connected algebra. For a branch w i in Q, we will denote by [w i ] the set of branches in Q for which there exists a minimal relation involving w i . For more details on simply connected algebras, we refer the reader to [5] .
The non simply connected case.
Let A = kQ/I be a toupie non simply connected algebra and m = dim k e 0 Ae ∞ where 0 is the unique source of A and ∞ is the unique sink of Q. Consider t the number of branches of Q.
3.1. All branches are in the ideal. Throughout this subsection, A = kQ/I is a toupie algebra with dim k e 0 Ae ∞ = 0 and t ≥ 2. Note that this implies that A is not simply connected. In this case, we will show that A must be weakly shod. Moreover, we will see that if A is quasi-tilted then it is tilted and that this happens precisely when there is exactly one relation by branch. The first lemma shows such an algebra admits no sincere indecomposable module.
Lemma 3.1. Let A = kQ/I be a toupie non simply connected algebra such that
Proof. Assume on the contrary that M 0 = 0 and M ∞ = 0. This implies that there must be one branch, say w 1 , such that M α = 0 for each arrow α on the branch w 1 . Let w 1 = α 1 α 2 . . . α s . Since each branch is in the ideal I, there exists k ∈ {1, . . . , s − 1} such that α 1 α 2 . . . α k / ∈ I and α 1 α 2 . . . α k+1 ∈ I. Let X k be the image of the map
We repeat the construction for all r ∈ {k−1, . . . , 1}, that is,
and M αr = g r 0 0 h r , where g r : X r−1 → X r and h r :
We obtain the following:
we get a decomposition of M . This yields the desired contradiction.
As a consequence of the technique used in the above proof, we have the following result. Proof. Applying the method of the previous proof, one can easily decompose M if one of the linear maps M α is not injective or N if one of the linear maps N α is not surjective.
The following is now an easy consequence. We now show that A is an extension and a co-extension of weakly shod algebras. Proof. We show that B is weakly shod, the other case being dual. Let I P be an IP -path in mod B. Note that since ∞ is a sink, there always exists a path from I ∞ to any indecomposable injective of mod B. Therefore we can extend and refine the given path to:
We claim that every successor X of N satisfies X ∞ = 0. Assume there is a map from N to X and X ∞ = 0. Viewing X as an indecomposable A-module, it follows from corollary 3.3 that the socle of X is a direct sum of copies of the simple module S ∞ . Therefore, N ∞ = 0 which is a contradiction. Hence, X ∞ = 0 and the claim follows by induction.
Thus each path N P can be viewed as a path over the algebra (1 − e ∞ )B(1 − e ∞ ). Since each connected component of this algebra is of finite representation type and admits no cycle in its Auslander-Reiten quiver, there is a bound on the length of paths from N to P . Thus there is a bound on the length of IP -paths and B is a weakly shod algebra.
Lemma 3.5. Let A = kQ/I be a toupie non simply connected algebra such that dim k e 0 Ae ∞ = 0. Then A is weakly shod.
Proof. Let I P be an IP -path. We can extend and refine the path to:
where N is some indecomposable summand of I ∞ /soc (I ∞ ). As in the previous proof, we can show, using lemma 3.3, that the path from N to P 0 lies in mod C where
By the previous lemma C is weakly shod so there is a bound on the length of paths from N to P 0 in mod C. Since each path N P 0 in mod A can be viewed as a path in mod C and I ∞ / soc (I ∞ ) has a finite number of indecomposable summands we obtain a bound on the length of IP − paths in mod A and A is weakly shod. Theorem 3.6. Let A = kQ/I be a toupie non simply connected algebra such that dim k e 0 Ae ∞ = 0. The following are equivalent:
There is exactly one relation by branch.
Proof. Clearly, (a) implies (b).
To prove that (b) implies (c), assume that there exists more than one relation on some branch, say w 1 . Consider the algebra eAe where e is the sum of all the idempotents associated to vertices on the branch w 1 . By [12] , eAe is not quasitilted. Thus, by [2] , A is not quasi-tilted, a contradiction.
Suppose that there is exactly one relation by branch. Consider A = B[M ] where B = (1 − e 0 )A(1 − e 0 ) and M = rad P 0 . We have that B is a tilted algebra and that M is an injective decomposable B-module where each summand of M lies on the same slice in the preinjective component of the Auslander-Reiten quiver of B. Thus, A has a slice in its Auslander-Reiten quiver and, by [9] , A is tilted.
Moreover, the slice in the Auslander-Reiten quiver of A is a toupie quiver with at most one linear quiver attached to each branch. Each linear quiver corresponds to the relation on the respective branch, and has length equal to the length of the relation on the given branch minus one. The quantity of vertices on each branch of A corresponds to the same number of vertices of the corresponding branch and linear quiver on the slice.
3.2.
No branch is in the ideal. Throughout this subsection, A = kQ/I is a toupie non simply connected algebra such that w i / ∈ I for all i ∈ {1, . . . , t}, where t is the number of branches of Q. We also assume that A is not hereditary.
In this case, we will show that A is not a Laura algebra thus cannot be tilted, quasi-tilted or weakly shod.
Lemma 3.7. Let A = kQ/I be a toupie non hereditary non simply connected algebra such that w i / ∈ I for all i ∈ {1, . . . , t}, where t is the number of branches of Q. Then A is not a Laura algebra.
Proof. Since A is neither simply connected nor hereditary, we can assume that [w 1 ] = {w 1 , . . . , w r } with 1 < r < t.
Consider e = e 0 + e ∞ + r i=1 e i . The quiver of eAe is of the following form:
• ∞ where 1 ≤ s < m. Recall that m = dim k e 0 Ae ∞ where 0 is the unique source of A and ∞ is the unique sink of Q. Moreover, m − s < r since r corresponds to the cardinality of [w 1 ].
Consider the family of indecomposable eAe-modules N λ .
Note that N λ1 ∼ = N λ2 whenever λ 1 = λ 2 . We will show that N λ has both projective and injective dimension two. We have the following projective resolution for N λ :
Consequently, no N λ lies in L A ∪ R A and thus eAe is not Laura. By [2] , A is not Laura.
3.3. Some branches are in the ideal and some are not. Throughout this section, A = kQ/I is a toupie non simply connected algebra with m = dim k e 0 Ae ∞ > 0, and there exists w i ∈ I for some i ∈ {1, . . . , t} where t is the number of branches of Q. We can assume, without lost of generality, that i = 1.
In this case, we will show that if m ≥ 2, the algebra A cannot be Laura. When m = 1, we will show that A cannot be weakly shod and that A is a Laura algebra if and only if exactly one of the branches lies in I. Then A is not a Laura algebra.
Proof. Consider e = i∈w1 e i , the sum of all idempotents associated to vertices in the path w 1 . The quiver of eAe has the following shape:
. . .
• • ∞ with some induced zero-relations in w 1 .
Note that N λ1 ∼ = N λ2 whenever λ 1 = λ 2 . We will show that these modules have both projective and injective dimension two. We have the following start of projective resolution for N λ :
where i 1 is such that 0 i 1 − 1 / ∈ I and 0 i 1 ∈ I. Therefore, pdim N λ ≥ 2. In the same way, one can see that idim N λ ≥ 2. Therefore N λ ∈ L A ∪ R A and thus eAe is not Laura. By [2] , A is not Laura.
We now consider the case m = 1. First, we will show that if A is a weakly shod algebra, then every IP -path must be trivial.
Lemma 3.9. Let A = kQ/I be a toupie non simply connected algebra such that m = dim k e 0 Ae ∞ > 0. If A is a weakly shod algebra, then every IP -path must be trivial.
Proof. Assume that I P is a non-trivial IP -path. Since m > 0, we have that (I ∞ ) 0 = 0. In particular, Hom A (P 0 , I ∞ ) = 0. Since A is a toupie algebra, we have paths P P 0 and I ∞ I. Thus, we get
This gives us a non-trivial cycle in ind A passing through injectives and projectives modules. In particular, by [7] , A is not weakly shod.
Thus, in order to show that A is not weakly shod, it suffices to construct a non-trivial IP -path.
Lemma 3.10. Let A = kQ/I to be a toupie non simply connected algebra such that m = dim k e 0 Ae ∞ = 1 and w 1 ∈ I. Then A is not weakly shod.
Proof. Consider e = i∈w1 e i , the sum of all idempotents associated to vertices in the path w 1 . The quiver of eAe is of the following form:
with some induced zero-relations in w 1 .
Consider the indecomposable eAe-module N .
We will show that this module belongs to a non-trivial IP -path. It is sufficient to show that both the projective and injective dimensions of N are at least two. We have the following start of projective resolution for N :
where i 1 is such that 0 i 1 − 1 / ∈ I and 0 i 1 ∈ I. Therefore, pdim N ≥ 2. Similarly, one sees that idim N ≥ 2. This gives us the desired non trivial IP -path
I
DTr N N DTr −1N P By the above lemma, eAe is not weakly shod and thus by [2] , A is not weakly shod.
It remains to show that if m = 1, then A is Laura precisely when exactly one branch lies in I.
Lemma 3.11. Let A = kQ/I to be a toupie non simply connected algebra such that m = dim k e 0 Ae ∞ = 1 and w 1 ∈ I. If A is a Laura algebra then w 1 is the unique branch in I.
Proof. Assume that w 1 is not the unique branch in I. We can assume that w 2 ∈ I. For each i = 1, 2, let j i be the first vertex such that 0 → i j i ∈ I. Consider e = e 0 + i e i where the sum is taken over all idempotents associated to vertices in the subpath of w 1 that begins by the predecessor of j 1 and ends at ∞ and in the subpath of w 2 that begins by the predecessor of j 2 and ends at ∞. The quiver of eAe has the following shape:
• ∞ with induced zero-relations of w 1 and w 2 . Observe that 0 → 1 → 3 is the relation induced by 0 → 1 j 1 and that 0 → 2 → 4 is the relation induced by 0 → 2 j 2 . Vertices 1 and 2 in eAe correspond to the predecessors of j 1 and j 2 .
where f = 0 1 ; h = 1 0 ; g = 1 1 and j λ = 1 λ .
Observe that if one or both of the j i , i = 1, 2 are the vertices ∞, then the vector space (N λ ) i is k ⊕ k with the induced maps. Note that N λ1 ∼ = N λ2 whenever λ 1 = λ 2 .
We will show that both the projective and injective dimensions of each N λ is greater or equal to two. We have the following projective resolution for N λ .
where X corresponds to some quotient of P 3 ⊕ P 4 . Therefore, pdim N λ ≥ 2. Similarly, one can see that idim N λ ≥ 2. Therefore N λ ∈ L A ∪ R A and thus eAe is not Laura. By [2] , A is not Laura.
Let A be a toupie non simply connected algebra such that m = dim k e 0 Ae ∞ = 1. Assuming that w 1 is the unique w i in the ideal I, we will show that A is a Laura algebra.
We will define a finite family of modules witch are not necessarily A-modules. Later one, we will show that every indecomposables modules A-module witch are not lying in L A ∪ R A are of this form or modules on the support of w 1 .
Let x and y be vertices belong in the path w 1 . If there exists a path from x to y, then we define D xy to be the module such that D xy (a) is 0 if a belongs to the path from x to y and k if not, and D xy (α) is the identity on k if it is possible and 0 if not. If there exist a path from y to x, we define D xy to be the module such that D xy (a) is k 2 if a belongs to the path from y to x and k if not, and D xy (α) is the inclusion in the first coordinate when t(α) = y or the projection in the second coordinate when s(α) = x or the identity on k elsewhere.
First of all, we show that if an indecomposable module doesn't vanish in 0 nor in ∞ then it should be of the above form. Proof. Fist of all, observe that we can choose a presentation of A = kQ/I such that w i − w j ∈ I for all i, j = 1.
One can see, with the above hypothesis, that we cannot have more than two simples modules in top M (similarly for soc M ). Let O and y be the vertices corresponding with the simples modules in top M and ∞ and x be the ones corresponding with those of soc M . Remark that 0 can be equal to y and so ∞ to x and that x and y must be vertices of the path w 1 .
Consider e w = e i where the sum is taken over the vertices of the path w 1 and e = 1 − e w + e 0 + e ∞ . Thus the module N = eM e is also an indecomposable module and one can construct an isomorphism between N and D 0∞ . Moreover, e w M e w is a direct sum of two modules and we can easily construct an isomorphism between e w M e w and e w D xy e w . Using those two morphism, one obtain the desired isomorphism.
We will see that if an indecomposable module have two simples in is socle including ∞ (respectively, in is top including 0), then it doesn't vanish in 0 nor in ∞, and by the above lemma is isomorph to one of the D xy . Proof. If M 0 = 0 then M is a B-module where B = (1 − e 0 )A(1 − e 0 ). Since M is indecomposable and M ∞ = 0 and B is a tree algebra with only one sink ∞, we have that x must be ∞, a contradiction.
Theorem 3.14. Let A be a toupie non simply connected algebra such that m = dim k e 0 Ae ∞ = 1.
If w 1 is the unique branch in I, then A is a Laura algebra.
Proof. Consider e = x∈w1 e x and W = eAe.
Observe that P 0 and I ∞ belongs to K R ∩ K L . We will show that K R is closed under successors and K L is closed under predecessors. Since for all indecomposables modules X which not lies in L A ∪ R A , we have a path
Since the proof is dual, we will proved that K R is closed under successors.
Let f : L → M be a non-zero morphism between indecomposables modules. Suppose that L ∈ K R . First, let suppose that M ∞ = 0 and f ∞ = 0. Therefore, L ∞ = 0 and thus L 0 = 0. By lemma 3.12, we have that L ∼ = D xy for some x, y in
In the case, where M ∞ = 0 and f ∞ = 0, there exist x ∈ soc M such that L x = 0 and by the lemma 3.13, we have that M 0 = 0.
Thus, we can suppose that M 0 = 0 and M ∞ = 0. Therefore, there exist y ∈→ L such that M y = 0, witch means that y = 0. If L 0 = 0, by lemma 3.13, we have that L ∞ = 0 and that y is a vertex of w 1 . If L ∈ ind W , then clearly y belongs to w 1 . Since M vanishes in 0 and ∞ but not in y a vertex of w 1 , we have that M ∈ ind W and thus M ∈ K R .
We conclude that ind A − (L A ∪ R A ) ⊆ K R ∪ K L and by lemma 3.12, we have that K R ∪ K L ⊆ ind W ∪ {D xy such that x, y ∈ W 0 } which is finite. Therefore, A is a laura algebra.
Simply connected case.
Let A = kQ/I be a toupie simply connected algebra with m = dim k e 0 Ae ∞ . Let t be the number of branches of Q.
Observe that, since t = 1 and A is simply connected, then t > m > 0.
4.1. Dimension one and two. Throughout this subsection, A = kQ/I is a toupie simply connected algebra with m = dim k e 0 Ae ∞ ≤ 2.
We will see that A is tilted when m = 1 and that it is quasi-tilted (in fact canonical) or not Laura when m = 2.
Lemma 4.1. Let A be a toupie simply connected algebra with m = dim k e 0 Ae ∞ = 1. Then A is tilted.
Proof. Consider A = B[M ] where B = (1 − e 0 )A(1 − e 0 ) and M = rad P 0 . Since A is a simply connected toupie algebra and m = 1, we have that B is hereditary and I ∞ ∼ = P 0 . Thus M is the indecomposable injective B-module in the vertex ∞. Therefore, A is a one point extension of a hereditary algebra by an indecomposable injective module. It then follows from [9] that A is tilted. Lemma 4.2. Let A be a toupie simply connected algebra such that m = dim k e 0 Ae ∞ = 2. If A is a Laura algebra then it is a canonical algebra.
Proof. Suppose that A is not a canonical algebra. Since m = 2 and t > m there are at least two branches that are linearly dependant, say w 1 and w 2 . Thus there exists λ ∈ k * such that w 1 − λw 2 ∈ I. We can assume, by a simple change of presentation of A, that w 1 − w 2 ∈ I. Consider e = e 0 + e 1 + e 2 + e ∞ . Then, the algebra eAe is isomorphic to kQ ′ /I ′ where I ′ is the ideal generated by αγ − βδ and the quiver Q ′ is the following:
The algebra eAe is not simply connected, not hereditary and none of its branch lies in the ideal I ′ , thus, by subsection 3.2, we have that eAe is not Laura. Therefore, it follows from [2] that A is not Laura.
Dimension greater than two.
Thoughout this subsection, A = kQ/I is a toupie simply connected algebra with m = dim k e 0 Ae ∞ ≥ 3. Let t be the number of branches of Q.
If t > m + 1, we show that A is not a Laura algebra. In the case t = m + 1, if there is at most one branch of length at least three then A is tilted, otherwise, A is not a Laura algebra.
We will first construct an infinite family of special modules. Proof. Since A is simply connected and m ≥ 3, we have that t ≥ 4. Moreover, we can assume that there exists a relation t i=1 λ i w i ∈ I such that λ 1 = 0 and λ 2 = 0.
Observe that this relation is not necessarily a minimal relation. We can easily assume that λ 1 = −1.
For λ ∈ k * we define the module N λ as follows:
It is easy to see that N λ is an indecomposable eAe-module and that N λ1 ∼ = N λ2 if and only if λ 1 = λ 2 .
We will now show that the modules N λ lie neither in L A nor in R A , and thus, the algebra is not Laura. Proof. Consider, as above, the algebra eAe where e = e 0 + e ∞ + i ∈ 0 → e i and M = rad eAe P 0 . The quiver of eAe has the following shape:
• t • ∞ Our objective is to show that P 0eAe is not in L eAe and thus create an IP -path. To do this, we will show that the projective dimension of DTr M is greater or equal to two. In order to compute DTr M in eAe, we consider the projective resolution of M .
Applying DHom ( , eAe) to this sequence, we get:
Since M is the radical of the projective module of the source 0 and (1 − e 0 )(eAe)(1 − e 0 ) is a hereditary algebra, we have that DHom (M, eAe) ∼ = S 0 , the simple module in 0.
We thus get that the dimension vector of DTr M is the following:
Since, eAe has the relations induced by A, it is also simply connected and we have the following sequence:
is not a projective module, it is enough to see that
We have that t(r − t + m Moreover,
is not a projective module and pdim DTr M ≥ 2. Consequently, P 0 / ∈ L eAe and we get a non-trivial IP -path I P 0 for some indecomposable injective I. Since ∞ is a sink, there always exists a path from I ∞ to any indecomposable injective module of eAe. Thus, we get a non-trivial IP -path I ∞ P 0 . On the other hand, by the above lemma, there exists an infinite family of non-isomorphic indecomposables eAe-module {N λ } λ∈k * and non-zero morphisms P 0 → N λ → I ∞ . Combining these morphisms with the IP -path, we obtain: [3] and thus eAe is not Laura. By [2] , A is not Laura.
We also have the following case where A is not Laura.
Lemma 4.5. Let A = kQ/I be a toupie simply connected algebra such that m = dim k e 0 Ae ∞ ≥ 3. If t, the number of branches of Q, is equal to m + 1 and there are at least two branches of length at least three, then A is not Laura.
Proof. We can suppose that w 1 and w 2 have length at most three, that is
The quiver of eAe has the following shape:
• 0
Our objective is to show that P 0 is not in L eAe and thus create an IP -path. Let M = rad P 0 . We will show that DTr 3 M has projective dimension greater or equal to two. In order to compute DTr 3 M in eAe, we need first to compute DTr M in eAe and for this, we consider the projective resolution of M . Remember that t = m + 1.
1 Since, DTr M is indecomposable, we have the following projective resolution:
In order to compute DTr 2 M , we apply DHom ( , eAe) to the following sequence:
Since eAe has its relations induced by A, it is also simply connected. Therefore, no pair of maps in P 0 arriving at vertex ∞ is linearly independent and thus, DHom (DTr M, P ∞ ) = 0. Moreover,DTr M is a non projective module over (1 − e 0 )(eAe)(1 − e 0 ), a hereditary algebra, thus DHom (DTr M, eAe) = 0.
We thus get that the dimension vector of DTr 2 M is the following:
Recall that t ≥ 4. Once again, we obtain the following projective resolution:
We finally compute DTr 3 M by applying DHom ( , eAe) to the sequence:
Once more, we have that DHom (DTr 2 M, eAe) = 0 and thus the dimension vector of DTr 3 M is the following:
where r = t 2 − 5t + 5. Since DTr 3 M is indecomposable, we have the following exact sequence:
The dimension vector of Ω 1 (DTr 3 M ) is 0 r − t + 3 r − t + 3 r − t + 4 . . . r − t + 4 r r r(t − 1)
To show that Ω 1 (DTr M ) is not a projective module, it is enough to see that 2(r − t + 3) + (t − 2)(r − t + 4) + 2(t − 3) > r(t − 1).
We have that 2(r − t + 3) + (t − 2)(r − t + 4) + 2(t − 3) = tr − (t 2 − 6t + 8)) = rt − r + t − 3) > r(t − 1)
is not a projective module and pdim DTr 3 M ≥ 2. Consequently, P 0 / ∈ L eAe and we get a non-trivial IP -path I P 0 for some indecomposable injective I. Since ∞ is a sink, there always exists a path from I ∞ to any indecomposable injective of eAe. Thus, we get a non-trivial IP -path I ∞ P 0 . On the other hand, by the lemma 4.3, there exists an infinite family of nonisomorphic indecomposable eAe-module {N λ } λ∈k * and non-zero morphisms P 0 → N λ → I ∞ . Combining these morphisms with the IP -path, we obtain: I ∞ P 0 → N λ → I ∞ Therefore, none of the N λ are in L ∪ R, see [3] , and thus eAe is not Laura. By [2] , A is not Laura.
In the remaining case, we show that A is tilted. Lemma 4.6. Let A = kQ/I be a toupie simply connected algebra such that m = dim k e 0 Ae ∞ ≥ 3. If t, the number of branches of Q, is equal to m + 1 and there is at most one branch of length at least three then A is tilted.
Proof. The quiver of A has the following shape:
• t
• t + 1
• s
• ∞
Consider A = B[M ] where B = (1 − e 0 )A(1 − e 0 ) and M = rad P 0 . Since A is simply connected, B is hereditary and M is indecomposable. We will show that M is a post-projective B-module. To do this, we will show that DTr M is a projective B-module. In order to compute DTr M , we consider the projective resolution of M . Remember that t = m + 1.
Applying DHom ( , B) to this sequence, we get the following exact sequence:
Since M is the radical of the projective module of the source 0 and B is a hereditary algebra, we have that DHom (M, B) = 0.
Since DTr M is indecomposable, we obtain that DTr M ∼ = P t+1 . Therefore, M is a post-projective module over the hereditary algebra B, and by [9] , A is tilted.
Conclusion.
Given an algebra A, we know that if A is tilted, quasitilted, weakly shod or laura, than any full subcategory of A will also belong to the given class [2] . Let now A = kQ/I be a triangular algebra. Then Q is a tree quiver with toupie quivers glued to it. We can therefore use our main result to show that a given algebra A = kQ/I is not tilted, quasitilted, weakly shod or laura. Also, it should be noted that toupie algebras are in general wild. Consequently ,we now have access to a new class of wild algebras for which we have, using our characterization as well as all other known results on tilted, quasitilted, weakly shod and laura algebras, a great deal of information.
